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Abstract. The structure properties of multidimensional Delsarte transmu- 
tation operators in parametirc functional spaces are studied by means of 
differential-geometric tools. It is shown that kernels of the corresponding 
integral operator expressions depend on the topological structure of related 
homological cycles in the coordinate space. As a natural realization of the 
construction presented we build pairs of Lax type commutive differential oper- 
ator expressions related via a Darboux-Backlund transformation having a lot 
of applications in solition theory. Some results are also sketched concerning 
theory of Delsarte transmutation operators for afhne polynomial pencils of 
multidimensional differential operators. 



1. Introduction 

Consider the Banach space H := L 2 (l;H), H ;= L 2 (K m ;C JV ), with the natural 
semi-linear scalar form on H* x H: 

(1.1) M)h~ I "dt f dxipT(t;x)il>(t;x), 

Jl JE™ 

where (<p,ip) £ HxH, t e I := [0, T) e R + is an evolution parameter, N 6 Z+, " - " 
is the complex conjugation and the sign " j " means the usual matrix transposition. 
Take now a pair of closed dense subspaces H.q and TLq in TL and two linear differential 
operators of equal order C := — L and £ :— J| — L from TL to 7i, where 

(1.2) L := a «(* ;a; )g^' L:= J2 "Pte^fo?' 

\a\=0 ' \f3\=0 

(t;x) £ lxW n and coefficients a ai d e C^M; 5(R m ; EndC N )) for all \a\, \/3\ =0~H, 
n(L) := n =: n(L). 
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Definition 1.1. (J. Delsarte and J. Lions [2]). A linear invertible operator fi 
denned on the whole TL and acting from Ho onto TL is called a Delsarte transmu- 
tation operator for the pair of differential operators L and L, if the following two 
conditions hold: 

• the operator f2 and its inverse f2 _1 are continuous in TL; 

• the operator identity flL — LCI is satisfied. 

Such transmutation operators were for the first time introduced in [1,2] for the 
case of one-dimensional second order differential operators. In particular, for the 
Sturm-Liouville and Dirac operators the complete structure of the corresponding 
Delsarte transmutation operators was described in [3,4], where also the extensive 
applications to spectral theory were given. A special generalization of the Delsarte 
transmutation operator for two-dimensional Dirac operators was done for the first 
type in [5], where its applications to inverse scattering theory and solving some 
nonlinear two-dimensional evolution equations were also presented. 

Recently some progress in this direction was made in [6,7] due to analyzing 
a special operator structure of Darboux type transformation which appeared in 
[8]. In this work we describe the general differential-geometric and topological 
structure of multi-dimensional Delsarte type transmutation operators for differen- 
tial expressions like (1.2) acting in parametric functional spaces, by means of the 
differential-geometric approach devised in [6,7] and discuss some of their applica- 
tions to Darboux-Backlund transformations and soliton theory. 

2. The differential-geometric structure of the generalized 

lagrangian identity 

Take a multi-dimensional differential operator £ := L — d/dt : TL — ► TL given 
above and write down its formally adjoint expression as 

" (L) 8\<*\ 

(2.1) £*{t;x\d):= £ (-l)H — • al(i; x) + d/dt 

\a\=0 

with (t; x) G I x M m . Consider the following easily derivable generalized Lagrangian 
identity in : 

< <p,£ip > - < £*<p,ip > 

( ] = E"i(-i) l+1 9f-^[^] - 

where for any pair (ip,ip) G D(£*) x D(£) from a dense domain D(£*) x D(£) C 
Ti* x Ti the mappings Zi[(p,tp] : TL* x TL — >C, i = l,m, are scmilincar for each 
(t;i)£lxR m 

The Lagrangian expression (2.2) can be analyzed effectively by means of the fol- 
lowing differential-geometric construction: having multiplied (2.2) by the oriented 
Lebesgue measure dt A dx , dx := ( A dxj), we easily obtain that 

j=l,m 

(2.3) (< tp, Lip - ^ > - < LV + V> >)dt A dx = dZW [<p, V>] , 

where Z^[ip, ip] G A m (K 1+m ; C) is a differential m-form onlxR" 1 given by the 
expression 

Z (rn ^[tp,tp] = J2i-^ dx i A dx 2 A ... Adx^i A Zi[ip,ip]dx i+1 A ... A dx m 
—ip T (x;t)ip(x;t)dx. 
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Take now a pair (ip(\),ip(n)) G H® x Ho with A,/i G S, where S C C is some 
"spectral" space of paramers, H® and H C H are the corresponding closed sub- 
spaces of H* and H, being defined as solutions to the following evolution equations: 



(2.5) dtp/dt = Lip, dip/dt = -L*<p 

with Cauchy data ip\ t=to = ^ A £ L 2 (R m ;C N ) and tp\ t=to = ^ G L 2 (W n ;C N ) for 
A, /i G S at t G Z, being fixed, ip\r = and ip\r = for some chosen piece-wise 
smooth hypersurface T C M m . 

Having assumed that linear differential equations (2.5) are solvable for all t G 
[to,T), to < T G M+, we can obtain right away from (2.3) and (2.4) that the 
differential m-form Z^[ip, ip]{r]\(,) G A m (M 1+m ;C) is closed for any ij^eE and 
(<p, ip) G TtfxHo- Thereby, due to the well known Poincare lemma [12] one can state 
that there exists an (to - l)-diffcrcntial form n (m-1) [<p,^](??|0 G A m_1 (M 1+m ; C) 
satisfying the equality 

(2.6) Z (ro W](»7lO - dn^WlfalO 

since d 2 = on the Grassmann algebra A(M 1+m ; C) of differential forms on R x K m . 
Take now an arbitrary TO-dimensional piecewise smooth hyper-surface S{a^ t ^\ cr|™ t *j) 

C MxK m spanning some two (to— l)-dimcnsional homological cycles c r [™ t ) 1 \ cr[™ 
marked by points (x, i) and (xo,io) S K m x I, in such a way that 

aJ ^(x,t) '^(xo.to)^ _ a (x,t) a (x ,t ) 

and related in some way with the chosen above hypersurface T C M m . Then one 
gets from (2.6) that due to the Stokes theorem [12] 

(2.7) = / n^W^IO - J>-u fi^WlfalO 

(X,t) (XQ,t ) 

■= to( x ,t)l<P,il>]{v\Z) ~ to( Xo , to )[<p,ip](r]\Q, 



where the expressions 

toMMMZ), JWojMfalO, nf Xit) [<p,il>](v\Z), ^tx ,t ){^MO 

with 77, £ G X are also considered as the corresponding kernels of invertible integral 
operators Q {Xtt) [ip,tp], Q. {xoM) [ip,ip], 0,® xt) [ip,ip], Q®.^ to) [ip,ip] in L ( 2 p) (£; C) of mea- 
sured functions on S with respect to a finite Borel measure p on Borel subsets from 
S for any (x,i) G W n x i, considered here as parameters. Moreover, the homotopy 
conditions in the space L^\l2; C) 
(2.8) 

are assumed to be satisfied for all (<p, ip) G TL® x Ho- 
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3. The multidimensional Delsarte transmutation operators and their 
to- dimensional topological structure 

For a Delsarte transmutation operators f2 : H — > H and CI® : H* — ► H* to 
be constructed ab initio, it is necessary in accordance with Def. 1.1 to define the 
corresponding closed two subspaces Ho C H and H® C H* . 

Let now 

( ■ > Hf:={ipen* :^ = ^%, t) [^])- 1 % , to) [<P,^], <f\f = 0} 

for some hypersurface T C W 71 related in some way with hypcrsurfaces T and 
T* chosen before, where the operators Q,7^Jip, ip], (fig, t Aip, %p])~ l : L^{T,\ C) — > 

L^CE-jC) are correspondingly inverse to the scalar operators Q( Xtt )[tp,ip], Q®[tp,i/>] : 

L^ p) (S;C) — > L^ p) (S;C), parametrized by variables (x,t) el m xl. Due to the 
properties of operators 

n (a . it) [y>,V], fi( Xo , to) b,V], tof Xtt )[<P,il>], n ® ,to)^'^ 

in the space ^^(S; C), the spaces (3.1) are also closed in W and W®, correspond- 
ingly. Expressions (3.1) define the following actions 

(3.2) Sl:i>^>i>, fl®:ip->Cp 

for any arbitrary but fixed (!) pair of functions (<p,ip) G H® x Ho- For retrieving 
these actions upon the whole space H* x H at a fixed pair of functions (ip, ip) G 

x Ho, let us make use of the well known method of variation of constant: 
(3.3) 

n • v := i> 

= (i - Xs^r, 1 '.^,) ' ]),/;; 

fi® • := £ 

= *(n® t) [^])-H-/ 5 ^ 

= ^-^®^r^f^ 

= (i-^^o.to)^^)-^^-^^-;)))^' 1 !^])^ " 

V (x,t) (a: ,t )" 

where i/>) G Hq x 7io and parameters (x, t) G R m x (to, T) are arbitrary. Thereby, 
due to (3.3) one can define invertible extended Delsarte transmutation operators 

n := i - ip])- 1 I s(< - MZtl) ^W, ■], 

acting, correspondingly, ithe whole spaces TL and TL* . 
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Consider now the following commutative diagram 

a _ L 

H H 

n j. in 

SL-t 

h D u L n, 

which defines the transformed operator (L — J^) : H — > H by means of the 
Delsarte transmutation expression — L = J~2(J^ — i)H _1 .The pair of functions 
(</?, ip) <E 7Y® x 7Y and the operator (3.5) are described by the following proposition. 

Proposition 3.1. The pair of transformed functions ((f,^) G H-l x Ho solves, 
correspondingly, the evolution equations 

(3.5) dip/dt = Lip, dCp/dt = -L*(p 
for allte (t ,T). 

Proof. It is enough to consider for any ip G Ho the expressions 

(^ - l$ = - L)n~^ = - l)v = o 

which holds due to the definition of the closed subspace Ho- The equality (dip/dt 
+L*)ip = follows the same as above way.> | 

It is easy now, due to the symmetry between pairs of functional subspaces H® x 
Ho and H® x Ho, to construct the inverse operators to (3.4) and (3.5): 

H- 1 :=l-^, M [^]/ 5( >- 1 »>-;./ w [^l 

(3.6) _ — (m).T 

^" 1:=1 -^)^^])"V fi(ff {-)>-)/ ' [■># 

(X ,t) { XQ ,tft ) 

where by definition, 

[< ip, 14 - ^ > - < L*q> + ^, i> >}dt a dx ~ dzWfc, ip], 

Z^ m \Cp4] := rfO^" 1 )^,^] e A(R m+1 ;C), (£>,V>) e Ho x Ho and the pair of 
functions (y, ip) G 7Yq x 7^o satisfies the necessary inverse mappings conditions: 

(3.7) ^ = a~\^), ^tt®'- 1 ^), 

which can be checked easily by simple calculations. 

For the construction of the Delsarte transformed operator L : H — > H to be 
finished, it is necessary to state that this operator is differential too. The following 
theorem holds. 

Theorem 3.2. The Delsarte transformed operator ^ — L = Q — L) Cl^ 1 : H — > 
W «s purely differential on the whole space H for any suitably chosen hypersurface 

For proving the theorem one needs to show that the formal pseudo-differential 
expression corresponding to the operator L : H — > H defined by (3.5) contains no 
integral element. Making use of an idea devised in [5,10], one can formulate such a 
lemma. 
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Lemma 3.3. A multidimensional pseudo- differential operator L : L 2 ,-(R rn ; C ) — > 
L<2 _(i? m ; C N ) is purely differential iff the following equality 

(R£0/»=«-^ 

holds for any \a\ £ Z+ and all (h, f) £ L 2 ,-(R m ;C N ) x L 2 ,-{R m ; C N ), that is the 
condition (3.11) is equivalent to the equality L + = L, where as usually, the sign 
"(...)_)_" means the purely differential part of the corresponding expression inside the 
brackets. 

Proof, (of Theorem 3.2.) Based on Lemma 3.3 and the exact expression (3.5) of the 
reduced on L2(M. m ;C N ) the operator L, similarly to calculations in [10], one finds 
right away that the reduced on L2(R m ; C N ) operator L, depending only on a pair of 
homological cycles o-\ m ~^ and crj m_1 } marked by points (x, t) and (xq, to) £ W n x I, 
is purely differential in L2(M. m ;C N ), thereby proving the theorems | 

It is natural to consider now a degenerate case when the operator L : TL — » TL 
doesn't depend on the evolution parameter t € I. Then one can construct closed 
subspace TL C TL- := L 2 -(l; L 2 {M. m ;C N )) as follows: 

Ho = {tp £ H- : i>(t- x\X, = e xt 4, x {x- f), ^ x 6 L 2 ,o(K m ; C N ) : 

(3.9) ^ A | r = 0, Aea(L), £ £ £ CT }, 

where cr(L) C C is the generalized spectrum of the extended operator L : L,2.-(M. m ; C ) 
-> ^-(M 7 ";^) in a suitably Hilbert-Schmidt rigged [T31 E] Hilbert space 
L2,- (K m ; C N ), = A^ A , E„ C D is some subset, and t 6 Z is considered as 

a parameter. Correspondingly, the conjugated space TLq is defined as 

Wo = {^H* :^t;a:|A,0-e- s VA(^;0, ¥> A £ Lf ( K " 1 ; C W ) : 

(3.10) p A | r = 0,A£a(L*), }. 

Moreover, we can here identify the p-measured set S with the product S = (a(L*)n 
a(Lj) x S CT and take, correspondingly, dp(\;!;) = dp a {\) dp^ a with A £ {<j(L*) n 
(j(L)) and £ £ If now to choose a pair of homologically conjugated cycles 

<J (sTto)^' ^(^"to) m ^ ne s P ace ®- m f° r an y t = £ R being fixed, one easily 

finds that the corresponding Delsarte transmutation operator fi : TL —> TL reduces 
to the operator fl : L 2 (M m ;C JV ) -> L 2 (M m ;C Ar ), not depending on the parameter 
< G i. Thus, we can write down now, that this operator in L2(W n ; C ) is given as 
follows: 



(3.11) n = 1-/ dp ((r) (A) / rfp (s „) (0^)^(0 

x(fi (x0j t )[VA.^])~ 1 (€,'7) / f 1W ^[Va. ■](»?) 
and, correspondingly, the operator SI® : L*(R m ;C N ) -> L*(R m ;C N ) is given as 



(3.12) n = I- dp {a) {\) dppjffidp^WipxteZ) 

J (a(L')na(L)) JS„xE„ 
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where (ip x , ijj v ) £ Lf (W n ; C N ) x L 2 , (K m ; C N ) are generalized eigenfunctions with 
the generalized eigenvalues A, v £ <?(£*) D c(L) of the corresponding pair of opera- 
tors L* : Ll_(R m ;C N ) -> L|_(M m ;C iv ) and L : L 2 ,-(K m ; C^) L 2 ,-(M. m ;C N ). 
Since the differential dt = in the case (3.12) and (3.13), for the differential m-form 
Z^ m ^[(p x ,ip v ] £ A m (lR m ;C) one gets the simple expression 

(3.13) Z im) [<Px,<l>v](Z,V) = -dxipl(x;O^V) 

with \,v E a{L*) n <j{L) and (£,77) G S CT x S CT . Thus the corresponding operator 
(3.12) in L 2 (R m ; C w ) takes the form 

(3.14) n = l+ / dy^(x;y)(.), 

where for a fixed set of functions (<p x ,*p x ) & L® Q (R m ;C N ) x L 2 , (M m ; C^), A <E 
ct(£*) (~1 cr(-L), the kernel if (x; y), i,i/6 M m , is given as follows: 

(3.15) = - dp, a) (X) / dp( Str )(O^P(s CT )(^)V , A( a; ;0 

Js(L')ncr(L) J 

xn (io,to)^iV'A](f»»7)vI (»;*/)> 

being, evidently, of Volterra type and completely similar to that obtained in jTl] in 
the case of selfadjoint operators L* = L in a Hilbert-Schmidt rigged Hilbert space 
L 2 (R m ;C N ). The constant operator tt( Xo ,t )[¥>\,ipxJ : L^^X) -> L^(E ff ;C), 
is defined naturally by the topological structure of the homological hypercycle 
of2 t \ C M m , in particular, by asymptotic properties of the generalized eigenfunc- 
tions ip x 6 L| (R m ;C JV ) and £ £ 2 ,o(R m ; C^), A 6 f(I*)n(r(L), as |x| -> oo. 
Another useful equation on the kerenel (3.16) based only on its form looks as follows: 

(3.16) L (x) K(x,y) = (L* {y) KT(x,y)y 

for all x, y £ R m . It is completely analogous to the equations which were before 
derived in the one- and two-dimensional cases in |14| and [3-5]. 



4. Applications to spectral and soliton theories: a short sketch. 

Take a differential operator L : L 2 (W n ;C N ) -> L 2 (M. m ;C N ) like (1.2) and con- 
struct its Delsarte transformation L : L 2 (M. m ;C N ) -> L 2 (R m ;C N ) via the expres- 
sion 

(4.1) Z = flLfr\ 

being of the same form a differential operator in L 2 (M m ; C ). Assuming that the 
spectral properties of the operator L are known and simpler, one can try to study 
the corresponding spectral properties of the operator L, being more complicated 
than L. Under such transformations, as is well known, the spectrum of the operator 
L can change significally, for instance, the discrete spectrum of L can appear, 
leaving the essential continuous spectrum tx c (L) of the transformed operator L 
unchangeable. An approach realizing in part this idea was before developed in [4,5] 
for the case of one and two-dimensional Dirac and Laplace operators. 
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Subject to soliton theory, it is necessary to take two a priori commuting differ- 
ential operators - L) and - M) : H -► H with H C L 2 (R 2 ; L 2 (R m ;C N )), 
that is 

(4.2) [»_ L> |._^ = o. 

Making use of a fixed Delsarte transmutation constructed for these two operators by 
means of an invertible operator mapping like (3.12), (3.13), one gets two differential 
operators — L and ^ — M : H — > H, generated by closed subspaces Hq and Ho, 
where, by definition, 

Ho : = closure {span{^ G H_ : dip\/dt = Lip, V|t=t = ^a^2 o(R m ; C 

L 2 ,-(R™;C JV ) c 

LVa = Xip x , i>x\r = 0, A e <t(L*) n <j(L)}, 

Ho : = ^ closure^ {«jxm{p G W* : -<9^|/<9i = £>, p|t=t„ = £®o( Km ; C 

L( Pa = ^ A |r = 0, Ae^rjn^i)}, 

also commuting in H, that is 

(4.3) [|- X '|-^ = °- 

The latter, so called a Zakharov-Shabat operator equality in H, is as well known 
[7,8], equivalent to some system of compatible nonlinear evolution equations upon 
the coefficients of the operators L and M. 

Moreover, since flows Jj and in H are commuting, the corresponding differ- 
ential m-form Z^ m ^[tp,ip], given by (2.4) and defining the Delsarte transmutation 
operator $1 : H — > H, given by (3.12), has to be naturally changed by a similar 
extended differential m-form Z^ m \ip, ip], given by the expression 
(4-4) 

V] = Ei=T^* A dx ^ A dx 2 A ...cte i _iZj i V V] A cZx m A ... A dx m 
+ Z)i=T^i" rf y A A rfx 2 A ...dxi-iZ\ M \tp,ip] A dx i+1 A ... A dx m 
+<pt(x;t,y)tp(x;t,y)dx 

for any pair (<p,i[>) G Hq x Ho • It is easyly seen that the extended differential (m+1)- 
form dZ< m ) [p, V] = upon the space H x Ho, that is due to the Stokes theorem 
[9] there exists a differential (m - l)-form ^ m -^ [p, ip] £ A m - 1 (M 2 x M m ;C), such 
that 

(4.5) dn( m -V[<p,ip} = Z {m \<p^\ 

for all (ip, ip) G Hq x Ho- Making use of this (m-l)-form Q <m_1) [ip, ip] G A m " 1 (R 2 x 
R m ;C) one can, similarly the way used before, construct the corresponding invert- 
ible Delsarte transmutation operators fi : H — > H and H 8 : H* — ► H* in the 
form like (3.12) and (3.13), but depending on hyper-surface 5(cr|™~^, cr|™~^ yo )) 
C R 2 x R m , spanned between two (m — l)-dimensional homologically conjugated 
cycles <^,<^ o) CM 2 xR-. 

This construction finishes our discussion of Delsarte transmutation operators 
for a commuting pair of operators — L and ^ — M acting in a parametrically 
dependent functional space H. In the case of the measure p on S chosen discrete, the 
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corresponding Dclsarte transmutation operators is often called a Darboux-Backhmd 
transformation [HI E3 of a given pair of operators Jj — L and — M, giving rise 
to the Darboux type formulas like (3.2) and operator equalities 

(4.6) L = L-[ft,— -L]^ 1 , M = M-[Sl, — -M]Sl- 1 , 

at ay 

giving rise to the corresponding Backlund type expressions for the coefficients of 
the Delsarte transformed operators L and M in TL. The latter, as well known, is 
of great importance for finding new soliton like solutions to the system of evolu- 
tion equations, equivalent to the operator equality (4.3). Some applications of this 
algorithm to finding exact solutions of the Davey-Stuartson and Nizhnik-Novikov- 
Veselov equations are done, for instance, in [5,9]. And the last note concerns the 
applications of the theory devised above to finding the corresponding Delsarte trans- 
mutation operators for multidimensional matrix differential operator pencils ratio- 
nally depending on a " spectral" parameter A G C : this case can be treated similarly 
to that considered above making use inside the operators d/dt — L and d/dy — M, 
taken in the form 

n{L) Q\a\ 

(4.7) d/dt-L : =d/dt- *<*(t;x\\)—, 

\a\=0 
n(M) 

d/dy-M : =d/dy- 1 £ l bf l (t;x\\)-^ ) 

|/3|=0 

where a a ,b fi G C 1 ^ S(W n ; EndC N j) <g> C A for all |a| = 0, n(L), = 0,n(M), 
n(L),n(M) G Z+, of the change of the variable A G C by the operation of dif- 
ferentiation d/dr, t G M, and next applying the developed before approach to 
constructing the corresponding Delsarte transmutation operators in the functional 
space C 1 (K. T xR| t y y, L2(M. m ; H)), and at the end returning back to the starting 
picture putting, correspondingly, the closed subspaces 

Ho - {^eH:^(T;x;y,t\X;C) = e XT tP x ( X ;y,t;0, 

yj x G L 2 (R 2 ;L 2 ,o(R Tn ;C JV )) l if> x (x,y;Z)\r=Q, ^€^,\€(t(L) }, 

Ho = {ip G U* : tp{T;x;t\\;£) = e~ M ip x (x;y;£), 
f\ G L 2 (R 2 ;L® (R m ;C N )), ^ A |r=0, ^^Ae^*), 

thereby getting the corresponding two conjucated Delsarte transmutation operators 
like ipnjl. acting now in the spaces L 2 (W n ;C N ) and L*{W n ;C N ), correspondingly. 
On these aspects of this technique and on its applications we plan to stop in more 
detail in another palce. 
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